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Stagnation Streamline Turbulence

Dale B. Taulbee* and Le Trant
University of New York at Buffalo,
Buffalo, New York

URBULENCE in the far-field flow approaching a stag-

nation point tends to decay by dissipation and grow by
production due to mean field gradients. Near the surface where
the mean flow gradients are steepest, diffusional transport also
becomes important. The resulting boundary layer on the
surface near the stagnation point may be considered to be
pseudoturbulent or disturbed laminar, and the surface friction
and heat transfer can be significantly different than the
stagnation flow with no turbulence.

Although there have been many analyses of the stagnation
flow process with turbulence, only Refs. 1-S have considered
the entire stagnation streamline process. Traci and Wilcox! and
Sunden? use the k-w two-equation model where w is the
pseudovorticity. Although the kinetic energy distributions on
the stagnation streamline and heat transfer at the stagnation
point predicted by Refs. 1 and 2 agree with each other, Sunden?
had to use low Reynolds number formulations of the model
parameters to obtain agreement with experiment. Strahle et al.*
used the k-e model of Lam and Bremhorst® to solve for the
inner solutions with the boundary conditions found in Ref. 3,
where the outer solution was obtained. They had to adjust a
parameter in the solution for the outer flow to get agreement
with experiment. Hijikata et al.’ recognized the shortcomings
of the k-¢ model when applied to the stagnation flow and
developed a three-equation model, the third equation in
addition to those for k and ¢ being written for the anisotropy
between the streamwise and transverse Reynolds stress compo-
nents. They had to modify the return-to-isotropy expression in
that equation to obtain agreement with experimental data.

Two equation models of turbulence use the constitutive
relation

aU;, aU;
~um; = u,<535 + 3)—(1) — (2/3)k8; )

for the Reynolds stresses. This equation works well for the
shear components; however, it is not accurate for the normal
components. The example of a homogeneous shear flow where
U = U(y) and Eq. (1) gives u? = v? = w? = 2k /3 shows that it
is not consistent with experimental observations, even though
uv = — »,dU/dy is satisfied. Furthermore, Eq. (1) shows that
if the flow has no mean flow gradients, the turbulence can only
be isotropic, which may not be true. If the flow is shear
dominated, then turbulent models using Eq. (1) work well.
However, if the shear is zero or weak and the production of
turbulence is governed by normal stresses as in the present
problem, then the model prediction may be inaccurate. To
avoid these difficulties, the dynamic equations for the Reynolds
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stresses should be used. Comparisons between predictions from
the k-e model and the Reynolds stress model will be presented
to illustrate the inadequacy of the k-e model with Eq. (1) for
stagnation flow.

The stagnation point boundary layer, where the flow is
directly affected by the wall and viscous effects are important,
has a thickness estimated by

8/R =0.54(Tul,/R)*

where Tu is the intensity, £, is the length scale of the far-
upstream turbulence, and R is the radius of the cylinder. This
relation was obtained from 8/R = 2.4/Re"” for the laminar
stagnation boundary layer on a circular cylinder, but using a
turbulent eddy viscosity », = ¢,k 70, with ¢, = 0.09 in place of
the laminar viscosity and assuming that the turbulence intensity
and length scales do not change in the outer flow. This relation
shows that the boundary-layer thickness in the stagnation
region can be on the order of 0.01-0.1 of the leading-edge
radius, depending on the magnitude of Tu and £.

In the flow outside the boundary layer, an order-of-magni-
tude analysis of the momentum equation shows that the tur-
bulence does not significantly affect the mean flow. The
turbulent stresses are negligible, and the mean flow is essen-
tially inviscid and given by the potential flow solution

U=U,(1-R¥x? 2)

along the stagnation streamline for a circular cylinder where U,
is far freestream uniform flow velocity and x is measured from
the center of the cylinder. Bearman’ measured the velocity
along the stagnation streamline for flow over a blunted sym-
metrical airfoil shape with freestream turbulence and found the
data to agree very well with the potential flow velocity until a
location relatively near the surface.

Using similar arguments, the diffusive transport terms in the
turbulent kinetic energy equation can be neglected. The energy
equation then can be written along the stagnation streamline as

¢ — —dU
de_ (u v)dx € 3

where k = g?/2 is the turbulent kinetic energy, e is the dis-
sipation, u? is the streamwise Reynolds stress component, v? is
the lateral component, and the production P = —u? dU/
dx —v? dV/dy was simplified with the continuity equation
dU/dx + aV/dy = 0forincompressible flow. The model equa-
tion for the dissipation, again neglecting diffusive transport, is

de
Ua =

€
—IE(C”P ~-C.9 ()]
where, for the standard k-¢ model, CE2 =1.92 and C, = 1.44,
as given by Launder et al.?

In the k-e model, the Reynolds stresses are obtained from Eq.
(1), and the production term in Eq. (3) is evaluated as

— —.0U aU odWV\oU dU\?
= = 2 - p)— = —_——— | = —
P u*—v?) i 2v,<ax ) ox 4V,<a§:> %)

where », = C,k*/e and C, =0.09 as given in Ref. 8. In the
outer flow, the velocity gradient du /dx can be obtained from
Eq. (2). Equations (3) and (4) can be integrated as initial-valued
ordinary differential equations from the far freestream to a
point outside the boundary layer. The far freestream values are
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Fig. 1 Comparison of turbulent kinetic energy on the stagnation
streamline for small freestream turbulence length scale.

k., = 1.5(TuU,)? and e, = k3/%/1,,, where the turbulent inten-
sity Tu and the length scale ¢,, are specified. Solutions were
found numerically corresponding to the experimental condi-
tions of Hijikata.® As seen in Fig. 1, the k-¢ model gives
unrealistically large kinetic energies as the flow approaches the
surface. The component energies (not shown) are also very
poor when compared to the experimental data for the cases
shown in Figs. 1 and 2.

The anisotropy in the Reynolds stresses that govern the
production term in Eq. (3) arises from the rapid part of the
pressure-strain correlation p(du;/dx; + du;/0x;), which ac-
counts for the distortion of the turbulence by the mean flow.
The turbulent-turbulent interaction part of the pressure-strain
correlation tends to return the turbulence to isotropy. In the
k-¢ model, the normal stresses are modeled with a gradient
hypothesis [Eq. (1)] that does not properly reflect the nature
of the pressure-strain processes.

In order to accurately determine the normal Reynolds stress
components, they should be determined from a Reynolds
stress turbulence model. The dynamic equations for u2 and v?
along the stagnation streamline are

du? — U _p D du
qu” _ _ +222
U5 = 2% - S % (2/3)e 6)
_ B -
A v L LN DRy )
dx ay p oy

where, as before, the diffusive transport terms have been
neglected for the outer flow. The particular Reynolds stress
model used is given by Lumley,? where for this problem

3 —aV
P u _ _gei2Y L acy
o Ox ax ay
— U -
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2200 _ 44032V _gedl
o Oy ,6xa By
+4(C + 1/10)g? »(,jly/ + Ce(v?/g2 —1/3) ©)

where C = —0.16 and
Cy=2+exp(—7.77/VRe,) F/9 {72/~ Re,

+ 80.16[1 + 62.4( — II + 2.3111)]} (10)
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Fig.2 Comparison of turbulent kinetic energy on the stagnation
streamline for small freestream turbulence length scale.

where /I = — b;b;;/2 and Il = b;b,b,;/3 are invariants of
the anisotropic tensor b; = uu; /q —6,;/3 and the turbulent
Reynolds number is Re, = q22/9ve Also, the parameters in
the dissipation equation, Eq. (4), are in Lumley’s notation

2C, =y, =24, 2C, =Y,

where
= 14/5 + 0.98[exp( — 2.83/VRe,)]
[1—0.33 & (1 — 55I1)) (11

Equations (3), (4), (6), and (7) can be solved to determine the
variation of u2, v?, k, and e along the stagnation streamline in
the outer flow starting from values u2 = v2 = 2k_/3, where
ko = 1.5(TuU)* and e, = k2*/18,,.

The results from the Reynolds stress model are shown in
Figs. 1 and 2 for the experiment performed by Hijikata.® It is
seen that the Reynolds stress model results are in good agree-
ment with the data. Some of the differences between the pre-
dictions and experiment can be attributed to the apparent
anisotropy in the data, which can be seen at the location x/R
= 21in Figs. 1 and 2. The calculation was initiated upstream of
the first data point at x/R = 5, and significant differences in
the components did not occur until after x/R = 2. Better

predictions can be obtained if the calculations are initiated at

x/R =2 with the experimental values for the components. In
comparing Figs. 1 and 2, it is seen that there is very little
difference in the predictions for the two cases, although the
experiments show somewhat greater differences when the
turbulent intensity and length scale are changed.

In the experiment of Hijikata,’ the length scales of the far
freestream turbulence are much smaller than the cylinder
radius. Shown in Fig. 3 are the Reynolds stress model predic-
tions for the experiments of Britter et al.,'* where the tur-
bulent length scales are on the order of or larger than the
cylinder radius. The comparison with the data is poor, and the
k-e model predictions (not shown) are poorer. The reason that
the predictions are poor for this case is that single-point
closure models really do not apply to the situation where the
length scale £ is on the order of or larger than the cylinder
radius. For this situation, turbulence eddies approaching the
cylinder do not see a uniform strain field. Different parts of
the same eddy are affected by different strain rates since they
are much larger than the local length scale of the mean flow
velocity gradient. Single-point closure models are based on the
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Fig. 3 Comparison of turbulent kinetic energy on the stagnation
streamline for large freestream turbulence length scale.

assumption that the flow is locally homogeneous, which is not
the case when the length scale is on the order of or larger than
the body dimension.

In order to define the entire stagnation streamline process,
an inner (boundary-layer) set of equations for the mean veloc-
ity and Reynolds stresses needs to be solved and matched to
the outer flow solution in a manner similar to that done by
Strahle et al.* for the k-¢ model. Alternatively, the entire
streamline flow from the surface to the far freestream could be
directly solved with equations that contain diffusional-trans-
port terms, which are important near the surface. This method
was used by Hijikata et al.’ with their three-equation model.
Profiles for the mean velocity, kinetic energy, etc., obtained
from the inner part of the stagnation streamline solution could
then be used as initial conditions for a boundary-layer calcu-
lation on the surface away from the stagnation point. Taulbee
et al.!! used the near-surface profiles from the stagnation
streamline solution to initiate a k-e model boundary-layer
calculation to obtain heat-transfer distributions on gas turbine
blades.

In summary, it is stated that the two-equation turbulence
model, which uses a gradient hypothesis for the Reynolds
stresses, is not applicable for determining turbulence in stag-
nating flow. The Reynolds stress model of Lumley® gives good
results when the length scale is small compared to the body
dimension. Single-point closure models are not applicable
when the length scale is as large or larger than the body
dimension.
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Simple Expressions for Higher
Vibration Modes of Uniform
Euler Beams

John Dugundji*
Massachusetts Institute of Technology,
Cambridge, Massachusetts

HE vibration modes and frequencies of uniform Euler
beams for various boundary end conditions are tradition-
ally expressed in terms of sing,x, cos8,x, sinhf,x, and cosh@,x
functions (see, e.g., Refs. 1-3). For modes above the second,
however, the numerical evaluation of these modes requires an
increasingly large number of significant figures to be kept in
order to distinguish small differences between sinhf,x and
coshf3,x. The present note, based on ideas presented in Ref. 3,
gives simple expressions for arbitrarily high-order modes and
fre- quencies of a uniform Euler beam. These expressions not
only allow simple numerical calculation but also help to
identify the physical nature of the modes.
Consider, for example, a free-free uniform Euler beam. The
modes ¢,(x) and frequencies w, are traditionally expressed as

¢,(x) = coshB,x + cosB,x — a,(sinhB,x + sinf,x) 1)
w, = B2 NEI/m %)

where 3, is the solution of the transcendental equation shown
below, and ¢, is related to 8, as indicated in Eq. (4).

cosf3, = (1/coshp,) 3)

coshf3, — cos@,
oy =0T T 5 T T,
" sinh@B, — sing,

@
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